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Abstract. This paper aims at the effects of foundation mass on the dynamic responses of beams 
subjected to moving oscillators. To achieve this aim, experiments were performed for a beam 
resting on the foundation considering effects of the foundation model including linear elastic 
spring, shear layer, viscous damping. In addition, special effects of mass density of foundation 
during vibration were established to obtain the characteristic parameter of the influence of 
foundation mass based on natural circular frequency of the structure system determined from FFT 
plots of the time history of acceleration data. Furthermore, the experimental parameters were used 
to analyze the influence of the foundation mass on the dynamic response of the beam subjected to 
moving oscillator. Comparisons between experimental and simulated results showed that the 
foundation mass showed significant effects on the dynamic characteristic response of the beam 
system. It increased the general vibrating mass of the structure system. Hence, it decreased of the 
natural frequency of the structural system and caused a significant increase on the dynamic 
response of the beam when compared with the case without considering the foundation mass. 
Finally, the relationships between the foundation properties and the parameters of foundation mass 
were derived and discussed.  
Keywords: dynamic response of beam, influence of foundation mass, dynamic foundation model, 
moving oscillator, dynamic property of beam. 
1. Introduction 
Structures resting on a foundation subjected to loads are commonly used in civil engineering. 
An example of these structures is the beams resting on a foundation subjected to moving vehicles 
such as road-foundation-vehicle, airplane-runway-foundation, track-train-foundation. Last few 
decades, the dynamic analysis of structures on foundation has attracted many researchers. One of 
well-known researchers was Winkler [1] known as pioneer in the foundation model studies, and 
then he was followed by Filonenko [2], Hetényi [3], Pasternak [4], Reissner [5], Kerr [6], Vlasov 
[7]. The Winkler model suggested quite early is one of the most fundamental elastic foundation 
models considering the elastic foundation stiffness as a continuous distribution of linear elastic 
springs, which constraint reaction per unit length at each point of the foundation is directly 
proportional to the deflection of the foundation itself. Therefore, this foundation model is very 
simple, and it has been applied so much in behavior analysis models of structures resting on 
foundation conducted to study the problems of the interaction of foundation and structure systems 
in past decades [8-20]. 
However, the most important deficiencies of the Winkler model appear as a displacement 
discontinuity between the loaded and the unloaded parts of the foundation surface while the soil 
surface does not show any discontinuity in reality [21]. Therefore, it does not accurately represent 
the characteristic response as the true behavior of foundation. Hence, several following foundation 
models proposed to overcome the deficiency of the Winkler model by introducing some kind of 
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interaction between the independent springs by visualizing various types of interconnections such 
as an additional thin elastic membrane stretched by a constant tension (Filonenko [2]); plate with 
flexural rigidity (Hetenyi [3]); an incompressible layer that resists only transverse shear 
deformation (Pasterna [4], Reissener [5], Kerr [6]), or accounts for the effect of the neglected shear 
strain energy in the soil and shear forces that come from surrounding soil (Vlasov and Leont’ev 
[7]). These foundation models were also used widely for solving almost all discontinuity problems 
by analyzing the response of the structure on the foundation due to dynamic loads, moving random 
loads, moving oscillator as per various methods [22-35]. It can be seen that above foundation 
models attracted the attention of many researchers during many past decades for solving the almost 
all problems of structures-foundation interaction applied in many practice problems such as 
road-foundation-vehicle, airplane-runway-foundation, track-train-foundation. Based on literatures 
and achievements of these studies, the common character of these foundation models assumed 
that the elastic springs did not have a mass density as a mean value for these foundation models 
overlooked the effects of foundation mass on dynamic responses of structures-foundation 
interaction.  
In reality, the foundation always has mass density; it also vibrates together with structures 
under dynamic loads. An inertial force of the foundation mass depends on the value of mass 
density and motion acceleration of the foundation mass and has a great effect on the system 
including structures and foundation. Therefore, the effects of foundation mass on the dynamic 
response of the above structures will also be prominent during system vibration. But many 
previous studies adopted above in this part do not take place to the effects of foundation mass on 
the dynamic analysis of structure-foundation interaction that means the inertial force from the 
foundation neglected in problems. Hence, the parameter of foundation mass in the dynamic 
problems of structures shall be mandatorily investigated in full.  
Recently, a dynamic foundation model with the influence of foundation mass to analyze 
dynamic responses was theoretically proposed for the dynamic analysis of structures-foundation 
interaction [36-39]. Next, a simple experimental model was established just to check the values of 
the influence of foundation mass from the dynamic foundation model [40]. The experimental 
results also confirmed that the foundation mass had significant effects on the dynamic 
characteristic of the system including the structure and foundation. In addition, it decreases the 
natural frequency of the system without foundation mass. At the same time, the relationships 
between the foundation properties and the parameter of the influence of foundation mass were 
derived. Pham [40] presented a simple experimental model as a single degree-of-freedom system 
model with an elastic spring connected with lumped mass to determine the parameters of the 
influence of foundation mass based on the analysis of free vibration of the structure. However, the 
effects of foundation properties on the dynamic characteristics of the beam structure on foundation 
were not considered. 
Hence, the aim of this study is to develop the available models by taking into account the 
effects of foundation properties on the dynamic response of the beam to the moving oscillator. To 
achieve the mentioned purpose, the formulation including the experimental models of the beam 
and foundation was established to determine the parameter of the influence of foundation mass 
and expressed the dynamic response of the beam by the finite element method. Next, the dynamic 
properties of structures are derived by comparing the experimental and simulated results; and then 
the above experimental parameters were used to analyze the dynamic response of the beam on 
foundation due to the moving oscillator. In order to measure the dynamic response of the beam, 
the dynamic magnification factor (DMF) is also defined as the ratio of the maximum time history 
of displacement midpoint in dynamic analysis to the displacement due to static load. Finally, the 
effects of the foundation mass on the dynamic response of the beam were discussed. 
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2. Formulation 
2.1. Foundation model 
Pham [36] proposed a dynamic model fully considering characteristic parameters of the 
foundation. These parameters include the elastic stiffness 𝑘, shear layer parameter 𝑘௦, viscous 
damping 𝑐 and mass density 𝜌௙ respectively replaced by lumped mass 𝑚 at the top of the elastic 
spring connected between the elastic layer and shear layer. This model is shown in Fig. 1. 
 
Fig. 1. Dynamic foundation model [36]:  
a) basic model, b) stresses in shear layer, c) force components 
Based on the principle of dynamic balance at the time 𝑡, the pressure-deflection relationship 
under a pressure 𝑞ሺ𝑥,𝑦, 𝑡ሻ was established as expressed in Eq. (1), in which, the functions 𝑁௫,௧ 
and 𝑁௬,௧ are described in Eq. (2); the forces acting on the foundation including spring, inertial and 
damping forces as Fig. 1c are expressed in Eq. (3) [36]: 
𝜕𝑁௫,௧
𝜕𝑥 ൅
𝜕𝑁௬,௧
𝜕𝑦 ൅ 𝑞ሺ𝑥,𝑦, 𝑡ሻ െ 𝑟଴ሺ𝑥,𝑦, 𝑡ሻ െ 𝑚଴ሺ𝑥,𝑦, 𝑡ሻ െ 𝑐଴ሺ𝑥,𝑦, 𝑡ሻ ൌ 0, (1)
𝑁௫,௧ ൌ න 𝜏௫௭,௧𝑑𝑧 ൌ 𝑘௦ 𝜕𝑤ሺ𝑥,𝑦, 𝑡ሻ𝜕𝑥ଵ଴ ,      𝑁௬,௧ ൌ න 𝜏௬௭,௧𝑑𝑧 ൌ 𝑘௦ 𝜕𝑤ሺ𝑥,𝑦, 𝑡ሻ𝜕𝑦ଵ଴ , (2)
𝑟଴ሺ𝑥,𝑦, 𝑡ሻ ൌ 𝑘𝑤ሺ𝑥,𝑦, 𝑡ሻ,      𝑚଴ሺ𝑥,𝑦, 𝑡ሻ ൌ 𝑚𝜕ଶ𝑤ሺ𝑥,𝑦, 𝑡ሻ𝜕ଶ𝑡 ,       𝑐଴ሺ𝑥,𝑦, 𝑡ሻ ൌ 𝑐 𝜕𝑤ሺ𝑥,𝑦, 𝑡ሻ𝜕𝑡 , (3)
The lumped mass 𝑚 representing the foundation mass is shown in Eq. (4): 
𝑚 ൌ 𝛼ி𝐻ி𝜌ி , (4)
where 𝛼ி  is an experimental parameter of the influence of foundation mass obtained from the 
experimental model and 𝐻ி is the depth of foundation 
2.2. Experimental model  
An experiment was conducted using a steel beam connected with a rubber layer representing 
for the dynamic foundation. The acceleration sensors were located on the surface of the steel beam 
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and rubber layer. These sensors were connected to a vibration recorder and a computer system as 
shown in Fig. 2. 
 
a) 
 
b) 
Fig. 2. a) Detailed setup of experimental model, b) Experiment model of beam and foundation 
The materials are specially made for the experiment. The properties of steel and rubber 
materials including elastic stiffness, mass density, and geometric parameters are also determined. 
The characteristic behaviors of the materials agrees well with the assumptions: homogeneous, 
continuous, isotropic and linear elastic. The steel and rubber materials can be considered as the 
complete materials used in the experiment aiming at analyzing the effects of foundation mass on 
the dynamic characteristics of beams resting on the foundation. 
To analyze the free vibration of the structure system, an external force was suddenly applied 
on the surface of a steel beam, and then released. The acceleration time history was recorded. The 
data of time history acceleration were analyzed using the FFT algorithm, and the first natural 
frequency of the structure system can be obtained. The first natural circular frequency often occurs 
at the highest peak values on the FFT plot. Hence, the parameter of the influence of foundation 
mass 𝛼ி on the dynamic characteristic of the beam can be derived based on a comparison of the 
first natural frequency simulated results and that of the experiment. Then, this parameter 𝛼ி is 
used to analyze the influence of foundation mass on a dynamic analysis of the beam subjected to 
the moving oscillator based on the basic theory presented in the next section of the formulation 
chapter. 
2.3. Dynamic analysis of beam on foundation 
In this paper, Fig. 3 shows a clamped-clamped Euler-Bernoulli beam resting on the dynamic 
foundation model subjected to an oscillator moving with a constant velocity. The parameters of 
the oscillator model regarded as a two-node one associated with each of two concentrated masses 
include the stiffness 𝑘௩ , damping 𝑐௩ , the vehicle mass 𝑀௩  and wheel mass 𝑚௪ . The mass 
parameter 𝜅 and the frequency parameter 𝛾 are defined in Eq. (5): 
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𝜅 ൌ 𝑀௩ ൅𝑚௪𝑀௕ ,       𝛾 ൌ 𝜔௩𝜔௕ ൌ ඥ𝑘௩/𝑀௩𝜔௕ , (5)
in which the mass parameter 𝜅, is defined as the ratio of the total weight of the oscillator to the 
total weight of the beam 𝑀௕, and the frequency parameter 𝛾, is defined as the ratio of the natural 
vibration frequency of the moving oscillator 𝜔௩ to the first fundamental natural frequency of the 
beam 𝜔௕. 
 
Fig. 3. Model of beam resting on dynamic foundation subjected to moving oscillator 
Based on the strain and kinetic energy of the beam element having two nodes including vertical 
displacement and rotation in global axes, the stiffness matrix 𝐊௘ and mass matrix 𝐌௘ of the beam 
element are expressed in Eq. (6), followed by Eq. (7): 
𝐊௘ ൌ 𝐊௘௕ ൅ 𝐊௘ௐ ൅ 𝐊௘ௌ,      𝐌௘ ൌ 𝐌௘௕ ൅𝐌௘ி , (6)
𝐊௘௕ ൌ න𝐁்𝐄𝐁𝑑𝑉,       𝐊௘ௐ ൌ න𝑵௪்𝑘𝑵௪𝑑𝑥,         𝐊௘ௌ ൌ න𝑵௦் 𝑘௦𝑵௦𝑑𝑥, 
𝐌௘௕ ൌ න𝑵௪்𝜌𝑵௪𝑑𝑉,       𝐌௘ி ൌ න𝑵௪்𝑚𝑵௪𝑑𝑥. (7)
The damping matrix is also determined based on the dissipated energy of these disputes, 
expressed in Eq. (8): 
𝐂௘ி ൌ න𝑵௪்𝑐𝑵௪𝑑𝑥. (8)
It is assumed that the oscillator continuously contacts with the beam surface during its 
movement. Using the finite element theory, the equation of beam motion on the dynamic 
foundation subjected to a moving oscillator is defined as shown in Eq. (9): 
𝐌𝒖ሷ ሺ𝑡ሻ ൅ 𝐂𝒖ሶ ሺ𝑡ሻ ൅ 𝐊𝒖ሺ𝑡ሻ ൌ 𝐏ሺ𝑡ሻ, (9)
where 𝐌 , 𝐂  and 𝐊  are the overall mass, damping and stiffness matrices of the system,  
respectively; 𝒖ሺ𝑡ሻ is the nodal displacement vector, and 𝐏ሺ𝑡ሻ is the external force vector. This 
governing equation of the motion is used to analyze the dynamic response of beams on the 
dynamic foundation subjected to a moving oscillator based on the step-by-step simulation in the 
time domain of the Newmark algorithm. In the next chapters, the dynamic properties and 
responses of the system are studied for four values of the depth of foundation 𝐻ி by experimental 
and simulated models. 
3. Dynamic properties of systems  
The purpose of this chapter is to determine the influence parameter of the foundation mass 𝛼ி 
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on the dynamic characteristic of the system based on the results of the natural frequency of the 
structure system from the experimental results and simulation by the finite element method. Three 
main contents are studied as follows: 
– The experiment of the beam model based on four specimens carried out to determine the 
natural frequency; 
– The numerical simulation for the influence parameter of foundation mass 𝛼ி; 
– The establishment of a relationship between the parameters 𝛼ி  and the properties of 
foundation as the depth of foundation 𝐻ி and elastic stiffness 𝑘 of four specimens. 
The procedure of this problem solution including the experiment in four specimens and 
simulation using the finite element method is described as follows. The experiment of the structure 
system including steel beam on rubber foundation is conducted on four specimens with the various 
depth of foundation. The physical and geometric properties of the systems are given in Table 1. 
These properties are easily found by the other simple experiments, derived computation with 
acceptable results. In these experimental models, the width of the foundation is larger five times 
than the beam width. Therefore, the beam model on the foundation satisfies the supposition of the 
ideal model of the beam resting on the elastic foundation.  
By applying a sudden external force on the surface at the middle of the steel beam, the time 
history of acceleration at each acceleration sensor was recorded, and then respectively the FFT 
plot for each acceleration sensors (A47490, A47491, and A47492) was plotted in Fig. 4 to Fig. 7.  
From the FFT plots, the natural circular frequency at each acceleration sensor was twice higher 
than the average value. Then, the natural circular frequencies of the systems were also determined 
and are given in Table 2. 
 
a) 
 
b) 
Fig. 4. FFT plots No. 1: a) A47490, b) A47491 
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a) 
 
b) 
Fig. 5. FFT plots No. 2: a) A47491, b) A47492 
 
a) 
 
b) 
Fig. 6. FFT plots No. 3: a) A47491, b) A47492 
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a) 
 
b) 
Fig. 7. FFT plots No. 4: a) A47490, b) A47491 
Table 1. Properties of steel beam and rubber foundation 
 Length (mm) Width (mm) Height (mm) 𝜌 (kg/m3) 𝐸 (N/m2) 
Steel beam 500.00 40.00 2.80 7691.27 1.808×1011 
No. specimen of rubber foundation 𝐻ி (mm) 𝜌ி (kg/m3) 𝑘௦ (N/m) 𝑘 (N/m3) 
1 105.98 
1206.69 1.773x105 
6.367×107 
2 211.96 2.807×107 
3 317.75 1.874×107 
4 423.64 1.452×107 
Table 2. Natural circular frequencies 
No. Specimen Frequencies at each acceleration sensor 𝑓ி (Hz) Circular system frequencies 𝜔 (rad/s) A47490 A47491 A47492 
1 78.03 78.73 77.57 490.79 
2 68.23 68.10 68.13 428.23 
3 53.40 53.50 53.70 336.36 
4 49.97 50.13 50.03 314.44 
In another analysis, the simulation of the systems was also carried out. The procedure 
determining the natural circular frequencies of four specimens is conducted by the finite element 
method using Eq. (9) in case of dynamic loads and with damping force neglected. These 
frequencies of four specimens with the various height of foundation, which depend on the 
parameter of the influence of foundation mass 𝛼ி, are given in Fig. 8. Based on the comparison 
between the experimental and simulated natural circular frequency of each specimen, the influence 
parameter of the foundation mass 𝛼ி of four specimens was obtained in Table 3 and was also 
plotted in Fig. 8. Therefore, this is a physical model which is used to determine the necessary 
dynamic characteristics of the structure system and it can be put into the practice for a dynamic 
analysis of structures. 
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Table 3. Parameters of foundation mass 𝛼ி 
No. specimen 𝐻ி (mm) 𝜔 (rad/s) 𝛼ி 
1 105.98 490.79 2.253 
2 211.96 428.23 0.748 
3 317.75 336.36 0.592 
4 423.64 314.44 0.461 
 
 
a) No. 1 
 
b) No. 2 
 
c) No. 3 
 
No. 4 
Fig. 8. Parameter 𝛼ி of four specimens: simulation and experiment 
 
Fig. 9. Relationship between foundation  
depth 𝐻ி and parameter 𝛼ி 
 
Fig. 10. Relationship between depth of  
foundation and circular frequency 𝜔 
The last objective in this section is to determine the relationship between the parameter 𝛼ி and 
the properties of foundation as the depth of foundation 𝐻ி  and elastic stiffness 𝑘  by the 
experimental procedure. From the results of Table 3, the relationship between the depth of 
foundation 𝐻ி and the parameter of foundation mass 𝛼ி is plotted in Fig. 9. As can be seen in 
Fig. 10, the natural circular frequency of the system decreased with the increase of the depth of 
foundation. The experimental results agreed with the previous study of Pham [40] of a simple 
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experiment model. 
The results show that the increase in the foundation depth 𝐻ி  leads to the increase in the 
general foundation mass. However, the foundation mass participating in the vibration of the 
structure system was a small part of the general increasing foundation mass. Therefore, the 
influence parameter of foundation mass 𝛼ி decreased clearly, as shown in Fig. 9. In addition, the 
parameter 𝛼ி decreased slowly with the increase of the depth of foundation 𝐻ி. 
The natural frequency results of the structure system in both cases with and without the 
influence of the foundation mass simulated by the finite element method are presented in Fig. 10. 
It can be seen in Fig. 10 that the natural frequency of the structure system decreased significantly 
when the influence of the foundation mass was considered. It can be explained by that the 
foundation mass participating in the vibration of the structure system caused an increase of the 
vibration mass of the structure system, and therefore, the natural frequency of the structure system 
decreased. Moreover, an increase of the depth of the foundation 𝐻ி  referred to the increasing 
deformation as well as the stiffness of the foundation was reduced. Therefore, the structure system 
becomes more flexible than that one in the case without foundation mass. Fig. 10 also indicated 
the character dynamics of the structure system considering the influence of foundation mass. The 
conclusion also agrees with the previous study of Pham [40] of a simple experiment model. 
The above results of this chapter show that the mass of foundation significantly affected on 
the dynamic characteristics of the system including beam and foundation. It was more decreasing 
the natural circular frequency of the system than without the effect of the foundation mass. 
Generally, the experimental results from four specimens showed a good agreement with behaviors 
of the dynamic foundation model simulated by the finite element method. The influence parameter 
of the foundation mass 𝛼ி was completely determined based on the experimental model used in 
the next step for a dynamic analysis. In order words, the mass of foundation could not be neglected 
in analyzing the dynamic response of the beam on foundation subjected to a moving oscillator in 
the next section. The simulated investigation results from the mass of foundation determined by 
the experiments and without the effect of foundation mass clearly showed the influence of the 
foundation mass on the dynamic response of the beam subjected to the moving oscillator. 
4. Simulation of dynamic responses  
Based on the experimental results, the influence parameters of foundation mass 𝛼ி 
representing with each specimen were determined in the previous chapter. The objective of this 
chapter consists in continuous consideration of the influence of the foundation mass on dynamic 
behaviors of the clamped-clamped beam on the foundation to moving oscillator with four 
specimens using a simulation of the analytical model by finite element method given in governing 
equation of motion Eq. (9), as shown in Fig. 3. Besides, the speed parameter 𝛼 is defined as a ratio 
of the load speed 𝑣 to the critical speed of the beam 𝑣௖௥, expressed as: 
𝛼 = 𝑣𝑣௖௥ , (10)
where the critical speed of the beam 𝑣௖௥ is defined by the length of the beam 𝐿 and the first natural 
circular frequency of the system 𝜔 as: 
𝑣௖௥ = 𝐿𝜔𝜋 . (11)
Firstly, the moving oscillator model affected the wheel mass and damping coefficients on the 
dynamic beam response. And then, the effects of the influence parameter of foundation mass 𝛼ி 
on the time history displacement at the midpoint of the beam in each specimen were investigated 
for various speed parameters 𝛼 with 𝜅 = 1 and 𝛾 = 1 and plotted in Fig. 11 to Fig. 14. 
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a) 𝛼 = 0.25  b) 𝛼 = 0.5 
Fig. 11. Time history displacements of midpoint of beam 1st specimen  
(blue – with, red – without foundation mass) 
It can be seen in Fig. 11 to Fig. 14 that the foundation mass has effects on the dynamic response 
of the beam. Within the speed range of parameter 𝛼 in all of four specimens, due to the total 
masses of the structure system increasing, the general vibrating mass of the structure system and 
then the dynamic characteristic of the system are changed. In other words, the foundation mass 
changed the resonant domain between the structure system and the moving oscillator compared to 
it without foundation mass. Hence, the foundation mass increased or decreased the time history 
displacement of the beam than without effects of the foundation mass with various speed 
parameters. 
 
a) 𝛼 = 0.25  b) 𝛼 = 0.5 
Fig. 12. Time history displacements of midpoint of beam 2nd specimen  
(blue – with, red – without foundation mass) 
 
a) 𝛼 = 0.25  b) 𝛼 = 0. 5 
Fig. 13. Time history displacements of midpoint of beam 3rd specimen  
(blue – with, red – without foundation mass) 
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a) 𝛼 = 0.25  b) 𝛼 = 0.5 
Fig. 14. Time history displacements of midpoint of beam 4th specimen  
(blue – with, red – without foundation mass) 
Secondly, to estimate generally the influence of the foundation mass on the dynamic response 
of the beam compared to without foundation mass, the values of the dynamic magnification factor 
were investigated in the following section for all four specimens. The effects of masses of the 
moving oscillator expressed by 𝜅 parameter, which is controlled by the mass of the vehicle 𝑀௩ 
and the mass of the wheel 𝑚௪ as shown in Eq. (5) to DMF of the structure system with various 
speed parameters of four specimens were plotted in Fig. 15 to Fig. 18, respectively. These results 
reveal that the foundation mass significantly affects the dynamic response of the beam when 
compared with the case without foundation mass. Interestingly, it increased the DMF of the 
structure system more significantly than in the case without effects of the foundation mass in all 
four specimens. This increase was clearly indicated in the case of increasing of the masses of the 
moving oscillator as shown in Fig. 15 to Fig. 18 with various values of 𝜅 parameter.  
 
a) 𝜅 = 0.5  b) 𝜅 = 1 
 
c) 𝜅 = 1.5  d) 𝜅 = 2 
Fig. 15. DMF with various speed parameters of beam 1st specimen 
(blue – with, red – without foundation mass) 
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a) 𝜅 = 0.5  b) 𝜅 = 1 
 
c) 𝜅 = 1.5  d) 𝜅 = 2 
Fig. 16. DMF with various speed parameters of beam 2nd specimen 
(blue – with, red – without foundation mass) 
 
a) 𝜅 = 0.5  b) 𝜅 = 1 
 
c) 𝜅 = 1.5  d) 𝜅 = 2 
Fig. 17. DMF with various speed parameters of beam 3rd specimen  
(blue – with, red – without foundation mass) 
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a) 𝜅 = 0.5  b) 𝜅 = 1 
 
c) 𝜅 = 1.5  d) 𝜅 = 2 
Fig. 18. DMF with various speed parameters of the beam 4th specimen 
(blue – with, red – without foundation mass) 
 
a) 𝛾 = 0.5  b) 𝛾 = 1.5 
Fig. 19. DMF with various speed parameters of beam 1st specimen 
(blue – with, red – without foundation mass) 
 
a) 𝛾 = 0.5  b) 𝛾 = 1.5 
Fig. 20. DMF with various speed parameters of beam 2nd specimen  
(blue – with, red – without foundation mass) 
0.5
1.0
1.5
2.0
2.5
0.0 0.5 1.0 1.5
The speed parameters α
D
M
Fs
0.5
1.0
1.5
2.0
2.5
0.0 0.5 1.0 1.5
The speed parameters α
D
M
Fs
0.5
1.0
1.5
2.0
2.5
0.0 0.5 1.0 1.5
The speed parameters α
D
M
Fs
0.5
1.0
1.5
2.0
2.5
0.0 0.5 1.0 1.5
The speed parameters α
D
M
Fs
0.5
1.5
2.5
3.5
0.0 0.5 1.0 1.5
The speed parameters α
D
M
Fs
0.5
1.5
2.5
3.5
0.0 0.5 1.0 1.5
The speed parameters α
D
M
Fs
0.5
1.5
2.5
3.5
0.0 0.5 1.0 1.5
The speed parameters α
D
M
Fs
0.5
1.5
2.5
3.5
0.0 0.5 1.0 1.5
The speed parameters α
D
M
Fs
EFFECTS OF FOUNDATION MASS ON DYNAMIC RESPONSES OF BEAMS SUBJECTED TO MOVING OSCILLATORS.  
T. PHUOC NGUYEN, D. TRUNG, P. HOA HOANG 
294 JOURNAL OF VIBROENGINEERING. MARCH 2020, VOLUME 22, ISSUE 2  
 
a) 𝛾 = 0.5  b) 𝛾 = 1.5 
Fig. 21. DMF with various speed parameters of beam 3rd specimen 
(blue – with, red – without foundation mass) 
 
a) 𝛾 = 0.5  b) 𝛾 = 1.5 
Fig. 22. DMF with various speed parameters of beam 4th specimen 
(blue – with, red – without foundation mass) 
Similarly, the circular frequency effect of the moving oscillator on the dynamic beam response 
was examined. The frequency ratio 𝛾 described this property is defined as the ratio of the circular 
frequency of moving oscillator to the circular frequency of the structural system as Eq. (5). The 
DMFs of the structural system with various speed parameters of four specimens are plotted in 
Fig. 19 to Fig. 22, respectively. The foundation mass increased the dynamic beam response when 
compared with the case without foundation mass in the speed range of parameter 𝛼 and frequency 
ratio 𝛾. The similar remark as the previous parameter was derived and is shown in Fig. 19 to 
Fig. 22. The increases in DMF were higher when the foundation mass was considered. 
It can be seen that the influence of the foundation mass on the dynamic beam response in each 
experiment specimen has difference with various values of the characteristic parameters and 
velocities of the moving oscillator shown in Figs. 15-22. The comparisons show that the 
foundation mass affects significantly the characteristic beam dynamics in all specimens, it 
increases clearly the dynamic beam response with an increase of the characteristic parameters of 
the moving oscillator (𝜅 and 𝛾). Within a range of high-speed parameters (𝛼 > 1), the influence 
of the foundation mass on the dynamic response of the beam is not almost more significant than 
without effects of the foundation mass in the all specimens with various values of the characteristic 
parameters of the moving oscillator. However, the influence of the foundation mass causing an 
increase of the dynamic beam response in all specimens is the clearest in a range of low-speed 
parameters (𝛼 ≤ 1). Especially, it increases more significantly the DMF of the beam than without 
effects of the foundation mass during beam vibration within the range of speed parameters  
(0.5 ≤ 𝛼 ≤ 1) in the all specimens, shown in Figs. 15-22. 
Therefore, it is concluded that the foundation mass demonstrated its important role in the 
vibration of the structure system including beam and foundation. It increases the general vibrating 
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mass of the structure system and caused the natural frequency to reduce. Therefore, due to the 
action of moving oscillator, the dynamic response of the structure system was significantly 
changed as the resonant domain in DMF Figures moved, and the dynamic beam displacement 
increased significantly and was clearly compared to the case without effects of the foundation 
mass. 
5. Conclusions 
Based on the experiments and estimations of the influence of the foundation mass on the 
dynamic response of a beam resting on the foundation subjected to the moving oscillator, the 
following conclusions can be drawn: 
1) The detail process of the experimental model including beam and foundation with four 
specimens was established to determine the influence parameter of foundation mass in the 
dynamic foundation model used for calculating the beam response on the foundation subjected to 
the moving oscillator.  
2) The experimental results reaffirmed that the influence of foundation mass significantly 
affected the dynamic system characteristics. It increased the general vibrating system mass and 
then it decreased the natural frequency. Moreover, the relationships between the foundation 
properties and the parameter of the influence of foundation mass were derived. 
3) The estimation results from the dynamic analysis of the beams show that the foundation 
mass significantly increased the dynamic responses in the ranges of various values of the speed 
and frequency parameters of the moving oscillator. 
The effects of foundation mass on the dynamic response of structures is always a practical 
problem. Further investigation of the effects of the foundation mass on the dynamic response of 
the structures is encouraged. 
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